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1 Introduction 
    For investigating the distribution problem of prime numbers within the arithmetic series, first, L. 
Dirichlet imported the Dirichlet L function ),( χsL . Although its property and effect is similar with 
Riemann Zeta function )(sζ , but the different matter is, the research about the distribution of the real zeros 
of the Dirichlet L function ),( χsL which correspond real property is a very difficult thing. But because of 
this, it has very important meaning. 
    For solving above-mentioned problem, Hecke put forward a famous proposition as follows: 
Hecke Conjecture: Suppose that χ is a real property, then we have 
.10,0),( <<≠ ssL χ   
    Now, lets prove the proposition. 
 
2 The resolution of Dirichlet L function ),( χsL  
    Considering the geometric meaning of the Dirichlet L function 
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we have the following figure: 
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In this figure, the areas of the rectangles A D OC A D D B A D D B1 1 2 2 1 1 3 3 2 2, , ,L  are respectively: 
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therefore, the geometric meaning of the Dirichlet L function ),( χsL is the sum of the areas of a series of 
rectangles within the complex space s. 
    Using the inner product formula between two infinite-dimensional vectors, the Dirichlet L 
function ),( χsL equation 
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From the expressions (2) and (3), we obtain: 
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But in the complex space, if the inner product between two vectors equals to zero, then these two vectors are 
perpendicular, namely, 
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3 The relationship between the volume of the rotation solid and the 
area of its axis-cross section within the complex space 
 
From the expression (1), we can know that when Re( )s = 1
2
, the series (harmonic series) within the 
first radical expression of left side is divergent. Because cos( , ) ,
r r
N N1 2 0=  therefore the situation of the 
complex series within the second radical expression of left side will change unable to research. Hence, we 
must transform the Riemann Zeta functionζ ( )s equation. For this aim, lets derive the relationship between 
the volume of the rotation solid and the area of its axis-cross section within the complex space. 
We call the cross section which pass through the axis z and intersects the rotation solid as axis-cross 
section. According to the barycentric formula of the complex plane lamina:   
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we have 
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    The numerator of the fraction of right side of the formula (**) is the volume of the rotation solid, and the 
denominator is the area of the axis-cross section. Theη of left side of the formula (6) is the longitudinal 
coordinate of the barycenter of axis-cross section. Its geometric explanation is: taking the axis-cross section 
around the axis z to rotate the angle of 2π , we will obtain the volume of the rotation solid. 
 
4 The proof of the Hecke conjecture 
    Because we have the volume formula of the rotation solid formed by rotating the rectangle 
A D D Bn n n n− −1 1 around the axis z: 
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therefore, the sum of the volumes of a series of the cylinders formed by rotating a series of the 
rectangles A D OC A D D B A D D B1 1 2 2 1 1 3 3 2 2, , ,Laround the axis z is: 
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But the sum of the areas of a series of the rectangles A D OC A D D B A D D B1 1 2 2 1 1 3 3 2 2, , ,L is: 
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By the formula (6), we have 
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Substituting the Dirichlet L function ),( χsL equation 
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into (7), we can obtain the transformed equation: 
                  0)(
3
)3(
2
)2(
1
)1(
2
2
2
2
2
2
2
2
=+++++ LL ssss n
nχχχχ
. 
    This can be explained geometrically as: if the area of the axis-cross section equals to zero, then it 
corresponds to the volume of the rotation solid also equals to zero. 
    Because is 0+= σ , therefore, above expression becomes 
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According to the inner product formula between two infinite-dimensional vectors, above expression can 
be written as:  
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    In the expression, when t = 0 , although the series  
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Because infinite multiplied by zero doesnt equal to zero, therefore 
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    On the other hand, from the expression (3), we have: 
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    As is known to all, among the series: 
.1),(,2,, =++ qlqlqll LL  
we can know 1);( =qnχ . According to the character of the property, we have 
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also, we have 
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therefore, the real properties are infinite. Hence, we can obtain: 
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therefore, we have 
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So, we have proved that when the χ  is real property, then we have 
.10,0),( <<≠ ssL χ   
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Appendix 
The inner product formula between two vectors in real  
space can be extended formally to complex space 
  Dear Mr. Referee, 
Thank you for your review, please observe following examples. 
 
Example 1 }.,1{},2,{},3,1{ iCiiBiA −−+  
}.3,1{},3,{},23,21{ iiBCiiACiiAB −+=−−−=+−−−=  
,82)23()21( 22 iiiAB −=+−+−−=  
,67)3()( 22 iiiAC +=−−+−=  
.29)3()1( 22 iiiBC +−=−++=  
According to Cosine theorem 
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On the other hand, we have 
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    On the other hand, we have 
.82)3)(3()1)((),cos( iiiiiACABACABBCAC +−=−−−++−==⋅  
,815
2
1
4462
8156782
2
1sin
2
1
1 ii
iiiACABS ABC −−=
−
−−
⋅+⋅−==∆ θ  
.815
2
1
4075
8152967
2
1sin
2
1
21 ii
iiiBCACS ACB −−=
−−
−−
⋅+−⋅+==∆ θ  
Example 2 }.,0,1{},2,1,1{},2,1,1{ iCiiiBiiiA −+−−+  
}.3,1,{},,1,{},4,2,2{ iiiBCiiiACiiiAB −−=−+−−=−−=  
,24)4()2()2( 222 −=−++−= iiiAB  
,22)()1()( 222 iiiiAC −−=−++−+−=  
.210)3()1()( 222 iiiiBC +−=+−−+=  
According to the Cosine theorem 
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    On the other hand, we have 
.28))(4()1)(2())(2(),cos( iiiiiiiACABACABACAB −−=−−++−+−−==⋅  
    According to the Cosine theorem 
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    On the other hand, we have 
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Example 3 }.3,11,710,3{},8,17,15,6{},1,8,14,8{ iiiCiBiiA +−−−  
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,110105)31()3()74()93( 2222 iiiiiAC −−=+−++++−+−=  
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According to the Cosine theorem 
 
),cos(2
222
ACABACABBCACAB =−+ , 
we have 
 
.25168
2
)106135()110105()498104(
2
222
iiii
BCACAB
−−=
−−−−−+−
=
−+
 
On the other hand, we have 
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